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Abstract—Problems of solute transport involving sequential first-order decay reactions frequently occur
in soil systems. Examples are the migration of radionuclides, in which the chain members form a first-
order decay reaction, and the simultaneous movement of various interacting nitrogen species. This study
presents analytical solutions that describe the simultaneous convective—dispersive transport of up to four
species involved in such a consecutive chain reaction. Evaluation of the analytical solutions is not
straightforward but requires, among other things, the calculation of complex complementary error
functions. A FORTRAN IV computer program (CHAIN) that can be used to evaluate the analytical
solutions is described. Application of this program to problems of solute transport is illustrated with two
examples, one dealing with radionuclide transport and one with nitrification.
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INTRODUCTION

Problems of solute transport involving sequential
first-order decay reactions frequently occur in soil
and groundwater systems. One often quoted example
is that of the migration of various radionuclides
(Lester, Jansen, and Burkholder, 1975; Rogers, 1978;
Gureghian and Jansen, 1983). Other examples are
concerned with the simultaneous movement of inter-
acting nitrogen species (Cho, 1971; Misra, Nielson,
and Biggar, 1974a, b; Wagenet, Biggar, and Nielson,
1976), organic phosphates (Castro and Rolston, 1977),
or pesticides (Bromilow and Leistra, 1980). Previous
attempts to derive analytical solutions have been
limited either to three chain members, using relatively
simple boundary conditions (Cho, 1971; Wagenet,
Biggar, and Nielson, 1976; Harada and others, 1980),
or to transport conditions, where dispersion phenom-
ena could be neglected (Higashi and Pigford, 1980;
Harada and others, 1980). This paper presents several
analytical solutions that are applicable to sequential
first-order decay reactions with up to four chain
members. The boundary conditions are formulated
in such a way that different sets of input source
functions can be included in the formulation. The
solutions are evaluated with a FORTRAN IV com-
puter program termed CHAIN.

THEORETICAL

Governing transport equations

This study considers the transport of four species
(E;, i = 1, 4) involved in a consecutive first-order
decay chain of the form

E — E,— E;— E,. n

The following set of coupled differential equations
describes the one-dimensional convective-dispersive
transport of the four chain members under transient
flow conditions:

le] _a o,
W (fc, + psy) = o (0D Ix qcl)

— puwaber — psups;, (2a)
a 0 aCi
a (Oc; + psp) = ™ (0D x in) + w10y
+ i 1pSio1 — l-lwﬁ(—'._‘ = wwes; (i =2,3,4), (2b)

where c is the solution concentration (ML73), s the
adsorbed concentration (MM™), 4 the volumetric
water content (L’L73), g the volumetric flux (LT™!),
D the dispersion coefficient (L?T""), p the porous
medium bulk density (ML™3), x distance (L), and ¢
time (T); the subscript i delineates the ith chain
member. The coefficients u,,; and u,, are rate constants
for first-order decay (T™!) in the liquid and solid
phases of the soil, respectively. These two rate coef-
ficients probably will have different values for both
chemical and microbiological degradation. However,
for radioactive decay we may assume that they are
identical:

Buwi = psi (). 3

Two assumptions are introduced. First, it is as-
sumed that the soil system is homogeneous and that
6 and g are constant in time and space (steady-state
flow). Second, we assume that adsorbed concentrations
(s;) can be related to solution concentrations (c;) by
linear (or linearized) and reversible isotherms of the
form

si=ke (i=1,4), Q)
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where the k; are empirical distribution coefficients
(M~'L%. Using equations (3) and (4) and the as-
sumptions of steady-state flow and linear equilibrium
transport, equations (2a, b) reduce to

ey _ D @ dc,

R, o ax? v Fr wRcr, (5a)
aC,' 620- aC,'
R, o =D 52' -0 I + siniRimi€imr — wiRic
(i=23,4, (5b)

where v (=¢/0) is the average pore-water velocity and
the retardation factors R; are given by

Ri=1+=". (6)

Note that equations (5a, b) apply only for the
limiting situation when the decay constants u,; and
u;; are identical [equation (3)]. If degradation is
limited only to the liquid phase (u;; = 0), the
retardation factors should be dropped from the decay
terms in equations (5a, b). Other situations for which
us; ¥ p.; can be considered easily by redefining
appropriately the general decay coefficient y;.

Initial and boundary conditions

In this study we restrict ourselves to analytical
solutions that are applicable to semi-infinite systems
(0 < x < o0) using the boundary conditions

dc;

o (0, ) =0,

t=20 (=14 0]

and to systems that are initially free of solutes:
c(x,0=0, x=0. (8)
The input boundary conditions at x = O are described

by either first-type (or concentration-type) conditions
of the form

0. 1) = {g(t), 0<t<t, ©)

t>t,

or third-type (or flux-type) conditions of the form

ac; vf{t), 0<t<i,
(—D—C+vc,») ={f() ® (10)
9x x=0 0, 1> 1o,
where f; (i = 1, 4) is given by
A = B, e, (11a)
S = Bye™™ + Bye™™, (11b)
fit) = Bse™ + Bye™ + Boe ™, (11¢)
ﬁ(t) = B7 e_)\" + Bs e_)\zl + Bg ei)‘y
+ Bige™, (11d)

in which the coefficients B; (j = 1, 10)and X; (i = 1,
4) are all constants. The multiple terms in equations
(11a-d) are a consequence of decay reactions in the
waste site (e.g., a nuclear waste repository) and also
account for a finite rate of release of each chain
member from the waste site into the environment.
For one particular release mechanism, the constants
B; are related to each other through the Bateman
equations (Bateman, 1910). This situation is described
briefly.

Consider a waste site that initially for each chain
member contains an amount M? per unit cross-
sectional area perpendicular to the direction of flow.
It is assumed that the release rate from the repository
into the environment for each member is proportional
to the amount remaining in the repository. The total
amount of each chain member in the waste site as a
function of time, M{t), then can be calculated by
solving the set of equations (Higashi and Pigford,
1980):

dm

ar L = —umM, — viM, (12a)
!

dM; .

E— = pio Moy — wM; — yM; (i=2,3,4), (12b)

where the proportionality constant vy; for each member
determines the release rate from the repository. Hence,
the first term on the right-hand side of equation (12a)
defines the rate of decay of the parent member, and
the second term defines the release rate into the
environment. Solving equations (12a, b), subject to
the initial condition

M) =M (t=0) (13)
gives
M) = A, e, (14a)
Mz(t) = Az e'“’ + A3 C_)‘ﬂ, (14b)
M3(t) = A, e ™M+ A5 e™ + A6 e_“‘, (l4c)
M4(t) = A, e ™M+ Ag e ™ + A9 e
+ Ajpe™, (14d)
where
A=ty (15)
MO
A =M, A= 4 =My - 4,
)\2 - )\l
A, = uzA; _ A3
4 )‘3 R )\] ’ 5 A; _ )\2 ’
A6=M(3)_A4”'A5, (16)
u3d,y psds usds
A = , Ag= , Ag=
7 )\4-—)\1 8 k4—x2 9 X4"A3

A|0=M2_A7_A8_A9.
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Equations (14)-(16) are known as the Bateman equa-
tions.

Continuity of the solute flux (g,;) for each species
across the boundary of the waste site requires

dsi = YiM; = (—OD 3—‘; + 0vc,-) (=14, (17)

x=0

where, as before, the amount of material of each
chain member in the waste repository (M) is defined
per unit cross-sectional area perpendicular to the
direction of flow. Combining equations (14) and (17)
and dividing by the volumetric water content (6)
leads directly to equations (10) and (11), provided
that the coefficients B; are defined as

A A A
B =2 p =Xz p T

q q q
B4=‘Y—3A4, BS=‘Y3A5’ Béz‘hAs

q q q (18)
B7_L‘A7’ Bs-_-‘y_“A:ﬁ’ 39:74‘49'

q q q
Bm:'y‘tAlO'

Equations (10) and (11) apply to the most general
situation of preferential release from the repository;
that is, all v;s can have different values. Other and
more simple boundary conditions can be formulated
by forcing appropriate constants (X;, B)) in equations
(11) to be zero.

Analytical solutions

Standard Laplace transform techniques were used
for the derivation of the analytical solutions presented
here (van Genuchten, 1981a; van Genuchten and
Alves, 1982). Details of the derivation are omitted.

The solution of equations (5), (7), and (8) for the
flux-type boundary condition [equations (10) and
(1] is

cdx, b)
cHx, 1), 0 <1<,
- {c.*(x, 1) — exp(—Ado)cH(x, £ — o), 1> lo,
(19)

where c*(x, ?) is given in Appendix 1. The analytical
solution for the concentration-type boundary condi-
tion [equations (9) and (11)] is identical to this
solution, except that the term F;; in Appendix 1
must be replaced by

Fy = exP(—aijkt){% exp[(v R w)x:] erfc [R"”x _ Wt:l

2D 2(DRH)'?
1 (v + w)x [R;x + wt:l}
+ 2 exp[: 3D :I erfc 2DRDLS (20)

PROGRAM CHAIN

A FORTRAN IV computer program termed
CHAIN was written to evaluate the two analytical
solutions derived here; the program is listed in Ap-
pendix 2. Much of the notation used in CHAIN is
identical to the notation of the theoretical section.
The most significant program variables are defined
in Appendix 3, and Appendix 4 gives instructions
for setting up the input data file.

The program consists of a main program (MAIN),
two functions (F and EXF), and one subroutine
(CEXF). Most of the calculations are carried out in
MAIN, including input and output instructions and
the calculation of various constants. The function F
evaluates the variables Fj; or S; according to (see
also Appendix 1)

Fu H)_{F,» if JJ<O0 (=i JJ]=—)), @1)
: Sy if >0 (I=iJI=)).

The function EXF(A4, B) defines the product of the
exponential function (exp) and the complementary
error function (erfc) as follows:

EXF(4, B) = exp(A) erfc (B), 22)
where
N
erfc (B) = \/WL exp(—7°) dr. (23)

Two different approximations are used for EXF(4,
B). For 0 < B < 2.5 [see also equation (7.1.26) of
Gautschi, 1964]:

EXF(A, B) ~ exp(4 — B a7

+ a272 + 0373 + a4T4 + a575), (24)
where
I N 25)
T T 1+403275911B°
a, = 0.254829592, a, = —0.284496736,
as; = 1.421413741, a, = —1.453152027, (26)
as = 1.061405429;
and, for B > 2.5 [see also equation (7.1.14) of

Gautschi, 1964];

exp(4 — B?)

1
EXF(4, By ~ —

JT(B+05/(B+ 1/(B+ 1.5/(B+2/(B+25/(B+ 1)) )

27
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For negative values of B, the following additional
relation is needed:
EXF(A4, B) = 2 exp(4) — EXF(4, —B). (28)

The function EXF(4, B) cannot be used for small or
large values of its arguments A4, B. The function
returns zero for the following two conditions:
4l > M, |4 - B> M,
or (M = 170). (29)

B<0, B> 0,

Subroutine CEXF(4, B, Z, U, V) is used to evaluate
the complementary error function for complex ar-
guments:

U+ iV = exp(Z) erfc (A + iB). (30)
Complex erfc functions occur in the formulation
whenever w? (see last equation of Appendix 1) be-
comes negative.

For (A + B) > 6 with 4 = 0 and B = 0, equation
(30) is evaluated as follows [see also equations (7.13,
7.14, 7.4.13, and 7.1.14) of Gautschi, 1970]:

U= % exp(Z + B% — A*[T cos (24B)
— Wsin (24B)), (31)

1
V = —exp(Z + B* — A*)[-T sin (24B)
™

— Wcos (24B)], (32)

A exp(
T fw(B+T)2:A2d (33)
W= © (B + 7) exp(—12 )dT, (34)

e (BH 7Y+ A2

where 7 and W are evaluated with a Hermitian
quadrature scheme of the form

n

f- exp(—7A)g(r) dr = 2 wg(r).

i=1

(35)

Values for the weighting factors w; and the associated
abscissas 7; were obtained from Table 25.10 of Davis
and Polonsky (1964). The program uses 20 quadrature
points (n = 20).

For0 < A + B < 6 with 4 > 0, B = 0, equation
(30) is evaluated with equation (7.1.29) of Gautschi
(1970). Specifically, the following set of equations is
used:

U = exp(Z) erfc (4) — exp(Z — A%)
% |:1 -C
27A

=exp(Z — Az)[% + Z alb,S + sz):I 37)

n=1

+ % a4 — b,C + sz)], (36)

n=1
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where
_ 2exp(—n*/4) .
T R + 44D (382)
C = cos (2AB), S = sin (24B); (38b)
b, = 24 cosh (nB), b, = nsinh (nB). (38c)

This method gives an accuracy of at least six significant
digits if the number of terms in the series expansions
of equations (36) and (37) equals or exceeds m,
where m is the integer closest to (12 + 2B).

The two methods for evaluating the complex erfc-
function hold for nonnegative values of 4 and B.
Given equation (30) for positive 4 and B, the two
methods can be extended to negative values by
making use of the relationships

2 exp(Z) — U — iV = exp(Z) erfc (—A4 — iB), (39a)
2exp(Z) — U+ iV = exp(Z) erfc (—4 + iB), (39b)
U— iV = exp(Z) erfc (4 — iB). (39c)

Initially, serious round-off errors were observed
when the approximations for erfc were used directly
in the equations for Fy, especially for the solution
of the flux-type boundary condition (Appendix 1).
Such round-off errors become immediately apparent
when the expressions for Fy; are evaluated for rela-
tively large values of R, x, and/or t. Fortunately,
round-off errors could be limited greatly by first
substituting the appropriate erfc approximations into
the F; terms and subsequently combining and sim-
plifying various terms in the resulting series expan-
sions. Although straightforward in principle, this ma-
nipulation and simplification of the various terms in
F; required extensive bookkeeping. Details are omit-
ted here; if needed, they can be retrieved from the
function F(J, JJ) in Appendix 2.

Finally, the program also contains the statement

CALL ERRSET (208, 0, —1, 1), (40)
which suppresses all underflow error messages during
execution. If this subroutine is not available, underflow
problems in most situations can be avoided by using
M = 100 in equation (29), rather than the present
value of 170 (these changes are made easily at
selected places in the program).

EXAMPLES

Two examples are presented here to illustrate
typical results that can be obtained with the program.
Appendix 5 lists the input data for the examples; the
associated output file is given in Appendix 6. The
first example applies to the three-species nitrification
chain

NHi — NO; — NO3 (41)

and is the same as described earlier by Cho (1971),
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Figure 1. Calculated distributions for nitrogen decay chain NH; — NO; — NOj at ¢ = 200 h.

except that the constant concentration boundary
condition for Cho’s solution is replaced here by a
constant flux condition, that is, by equations (10)
and (11) with B, = 1, B; = 0 (j = 2, 10), and A\, = 0.
Other parameter values for the example are

v=1cmh™, D=0.18cm?h’,

R1=2 R2=R3= 1, (42)

wR, =001h7', w=0.1h"', u;=0.

Calculated concentration distributions for the three
species at ¢t = 200 h are shown in Figure 1. The
distributions are nearly identical to those given by
Cho (1971), thus showing that the effect of a different
boundary condition is small for the parameter values

of this example.

10°} v 1100 yrs 1

RELATIVE CONCENTRATION, ¢,/B,

DISTANCE, x(m)

The second example is concerned with the radio-
nuclide decay chain

238Pu — 234U —_ 230Th — 226Ra. (43)
This decay chain was recently used by Higashi and
Pigford (1980) as an example in predictive modeling
of subsurface radionuclide transport. Of the four
species in equation (43), *?Ra presumably is the
more crucial chain member, partly because of the
high biological hazard associated with this species,
and partly because the relatively low R value of 2Ra
leads to a higher mobility in the system than is the
situation with the other chain members. Values of
the various input parameters, listed in Appendices 5
(input file) and 6 (output file), are the same as those
used in the original study by Higashi and Pigford

210,000 yrs /

RELATIVE CONCENTRATION, c¢,/B,

10' 10? 10 10°

DISTANCE, x (m)

i0?

Figure 2. Calculated distributions for radionuclide decay chain **Pu — 2*U — 2°Th — 2%Ra at four
different times.
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(1980). An arbitrary value of 10m?/year was assigned
to the dispersion coefficient D (Higashi and Pigford
neglected dispersion phenomena in their analysis).
The reader is referred to the original paper of Higashi
and Pigford (1980) for a more detailed discussion of
the physical problem.

Figure 2 shows relative concentration distribution
at four different times; concentrations are expressed
as fractions of the input concentration (B,) of 2**Pu
at x = 0 [see equation (18)]. A careful comparison
of the plotted results with figure 3 of Higashi and
Pigford (1980) shows that the shapes of the distribu-
tions are nearly identical. Hence, the effects of dis-
persion are relatively small in this example, although
it should be realized that these effects are not clearly
visible in graphic form because of the logarithmic
scale of the figures.

CONCLUSION

This study presents a FORTRAN IV computer
program (CHAIN) that can be used to evaluate the
convective—dispersive transport of up to four chain
members that are involved in consecutive first-order
decay reactions. The analytical solutions for this
problem, especially those for the fourth chain member,
are complicated and require special programming
care if serious round-off errors are to be avoided.
Examples concerned with nitrogen and radionuclide
transport illustrate the type of problems that can be
considered with the program. Compared with nu-
merical transport models, the analytical formulation
presented here may prove to be useful in several
situations. First, the program can be used to obtain
initial and approximate estimates for solute transport
for a number of simplified field situations (notably
for steady-state flow in one dimension). For example,
the long-term vertical transport of chemicals through
the unsaturated zone may be described accurately
with appropriate analytical solutions (Wierenga, 1977).
Second, analytical solutions of the type given here
are important tools for estimating transport parame-
ters from observed laboratory or field data, notably
with respect to dispersion coefficients, retardation
factors, or decay coefficients (see Misra, Nielsen, and
Biggar, 1974b, and van Genuchten, 1981b, for ex-
amples). Finally, the analytical model may be used
for verification of appropriate numerical multi-ion
chain solutions.
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APPENDIX 1

Expressions for c¥(x, 1) in equation (19) for the analytical solution of equations (5), (7), (8), (10) and (1

¢t = B\Fiy,

wRB\(S2 — Fa0 + Fiy0)
4 = ByFyi0 + ByFpyo + —— IR,l;)\,—Z::Z ue,

2R Bx(Sy3 — Faip + Faio)

€3 = BuF3;0 + BsFig + BsFayo +

RysAy — pa3
+ 2Ry By(S23 — Fiao + Fia) + ABiR(Fa10 — Fiio — S12)
Ryshy — a3 Riphy — iz

N AB\Ry3(S\3 — Fi10 + Fiyo) + A B1Ryy(F310 = Fa10 — S23)
RisA — i3 Ryshy — a3 ’

#3R3By(S34 — Farp + F3y)

4 = ByF 40 + BgFap + ByFy30 + BioFaso t

R3hy — paa
n #3R3Bs(S3s — Faao + Fip) " #3R3Be(S3a — Fuzo + Fis)
RM)\Z — M34 R34>\3 T H34
A2ByR34(Faro — F30 — Sa) + A:ByRa3(F310 — Fa10 — i)
Rag) — pag Ry — pas
+ A3ByRoi(S24 — Farg + Fayo) 4 AyB3R3o(Fazo — Fapo — Sa)
R24)‘| — M2 R34)\2 T H34
+ A3B3Ra3(Fap0 — Fazo — S23) " A2B3R24(524 — Fazo + Fa)
Rydy — uy Raahy — pas

A3B\R3(S1s = Faso + Fiio)

AJBled(FAIO - FZIO - SZ4)

61240234(R24>\1 = H24)

A3B|R%3(F310 - Fno — Sla)
GlZSGIJA(RB)‘l — 1)

G 134G 124(R1a | — p14)

A3BiR3(S34 = Faio + Fs10)
G 134G 23a(R3ah — H34)

A3BIR3(Szs — Fiio + Faro)

AsBiR}(S12 = Faio + Fuo)

G123G234(Ry3A, — #23)

_ mmnRiR, _ HausRyR;
Gz Gus

Gy = wiRRy; + wRRy + miRRy;; Sy=Fy—
R;=R,—R;; wy = wiRi — wR;;

A A, As = ppopsR RyR5;

F;

G123Gaa(Rixhy — u12)

- Rx — wt
Fy = exp(—a,,-kt){v : ” exp[(v w)x] erfc [ i ] + v

2D 2(DR)'? v—w 2D

202

+

1 Rx — vt v \'? (Rx — vt)?
Fipe = e"p(_a"f"’){i erfe [2(1)1«)“] * (WDR,-) exp[_ 4DRy ]

[(v + w)x] ” I:Rix + wt]}
exp| erfc 2ADR)”

Rix + vt

vx
R CXD(B - uit) erfc [W] (e # aye),

1 vx  vH vx Rx + vt
- = + —+ — - rfc | ———— i = Qik)s
3 (l ) DR,-) exp(D) erfc [Z(DR,»t)‘/z]} (i = @)

N, k=0,
Qi = B

Rij, k>0;

w = [v* + 4DR(y; — ai/‘k)]l/z-
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Listing of program CHAIN

001
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072
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APPENDIX 2
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*

* MULTI-ION SOLUTE TRANSPORT CHAIN *
* *
* FOUR SPECIES *
* PREFERENTIAL RELEASE *
* *
* MAY,1982 *
* *
236626 969609 363600 00060000 6003 I I I I I I I MR RN

IMPLICIT REAL*8 (A-H,0-Z)

COMMON R(4),DONE(4),RLAM(4),D,V,X, T,KSURF
DIMENSION ZERO(4),GAMMA(Y),TITLE(20),A(10),B(10)
CALL ERRSET(208,0,-1,1)

----- READ NUMBER OF CASES CONSIDERED ----
READ(5,1000) NC

DO 14 NCASE=1,NC

READ(5,1001) TITLE

----- READ INPUT PARAMETERS

READ(5,1000) NS,NR,NB,KSURF,KDB,XPR,V,D,WC,TP
READ(5,1002) (R(I),I=1,4),(DONE(I),I=1,4)
READ(5,1002) (ZERO(I),I=1,4),(GAMMA(I),I=1,4)
READ(5,1002) XI,DX,XM,TI,DT,T™

DO 1 I=1,4
ZERO(I)=NB*ZERO(I)
RLAM(I)=NB*DONE(I)+GAMMA(I)
IF(NB.EQ.0) GO TO 3

----- CALCULATE BATEMAN EQUATIONS IF NB=1 ----
Q=V*WC

A(1)=ZERO(1)
A(2)=DONE(1)*A(1)/(RLAM(2)-RLAM(1))
A(3)=ZERO(2)-A(2)
A(U4)=DONE(2)*A(2)/(RLAM(3)-RLAM(1))
A(5)=DONE(2)*A(3)/(RLAM(3)-RLAM(2))
A(6)=ZERO(3)-A(4)-A(5)
A(T)=DONE(3)*A(4) /(RLAM(Y4)-RLAM(1))
A(8)=DONE(3)*A(5)/(RLAM(Y4)-RLAM(2))
A(9)=DONE(3) *A(6) /(RLAM(4)-RLAM(3))
A(10)=ZERO(4)-A(T7)-A(8)-A(9)

K=0

K=K+1

B(K)=A(K)*GAMMA(I)/Q

GO TO 4

READ(5,1002) (B(I),I=1,10)

----- WRITE INPUT PARAMETERS ~----

IF(NS.LT.0) GO TO 14

WRITE(6,1003)

IF(KSURF.EQ.0) WRITE(6,1004)

IF(KSURF.NE.O) WRITE(6,1005)

WRITE(6,1006) TITLE

WRITE(6,1007) NS,V,D,NR,WC,TP,NB

WRITE(6,1008) (I,ZERO(I),R(I),DONE(I),GAMMA(I),RLAM(I),I=1,NS)
WRITE(6,1009) (I,B(I),I=1,10)

----- MULTIPLY DONE WITH R IF NR=1 ----
IF(NR.EQ.0) GO TO 6

DO 5 I=1,4

DONE(I)=R(1)*DONE(I)

----- CALCULATE VARIOUS CONSTANTS ----
D12=DONE(1)-DONE(2)
D13=DONE(1)-DONE(3)
D23=DONE(2) -DONE(3)
D14=DONE(1)-DONE(H4)
D24=DONE{2) -DONE(4)
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Convective-dispersive transport of solutes

D34=DONE( 3) -DONE(4)

R12=R(1)-R(2)

R13=R(1)-R(3)

R23=R(2)-R(3)

R14=R(1)-R(4)

R24=R(2)-R(4)

R34=R(3)-R(4)
B123=-DONE( 1) *R23+DONE(2) *R13-DONE(3) *¥R12
B124=-DONE(1) *R24+DONE( 2) *R14-DONE( 4 ) *R12
B134=-DONE( 1) *R34+DONE( 3) ¥R1 4-DONE(4) *R13
B234=-DONE(2) *R34+DONE( 3) *R24-DONE( 4 ) ¥R23
DD=DONE( 1) *DONE(2)

DP=DONE(2) *DONE(3)

DDD=DD*DONE(3)
C21=DONE(1)*B(1)/(D12-R12*RLAM(1))
C31=DONE(2)*B(2)/(D23-R23*RLAM(1))
C32=DONE(2)*B(3)/(D23-R23*RLAM(2))
C331=DD*B(1)*R12/(B123*%(R12%RLAM(1)-D12))
C332=DD*B(1)*R13/(B123*(R13*RLAM(1)-D13))
C333=DD*B(1)*R23/(B123%(R23*RLAM(1)-D23))
Cl1=DONE(3) *B(4)/(D34-R34*RLAM(1) )
ClU2=DONE(3) *B(5)/(D3U4-R3U4*RLAM(2))
CU43=DONE(3)*B(6)/(D34-R34*RLAM(3))
CU41=DP*B(2) *R34/(B234*(R34*RLAM(1)-D34))
CUlU2=DP*B(2)*R23/(B234*( R23*RLAM(1)-D23))
CUY3=DP*B(2)*R24 /(B23k*(R2Y *RLAM(1)-D24))
CU51=DP*B(3)*R34/(B234*(R3U*RLAM(2)-D34))
CU52=DP*B(3)*R23/(B234*(R23*RLAM(2)-D23))
CU53=DP*B(3)*R24/(B234*( R2U*RLAM(2)-D214))

CU61=DDD*B( 1) *R14%%2/(B134*B124*(R14*RLAM(1)-D14))
CU62=DDD*B(1)*R2U**2/( B124*B234*( ROU*RLAM(1)-D24) )
C463=DDD*B(1)*R34**2/(B134*B234*(R34*RLAM(1)-D34) )
CH6L=DDD*B(1)*R13%%2/(B123%B134%(R13*RLAM(1)-D13))
CU465=DDD*B(1)*R23%*2/(B123%B234* (R23¥RLAM(1)-D23))
CH66=DDD*B(1)*R12%%2/(B123*B124*(R12*RLAM(1)-D12) )

----- PRINT COEFFICIENTS IF KDB.GT.0 ----

IF(KDB.GT.0) WRITE(6,1010) c21,€31,C32,C331,C332,C333,C41,C42,C43
1,CNN1,CUHZ,CNN3,C451,C452,C453,C461,0462,CU63,CN6“,CN65,CU66

F12=0.

F13=0.

F23=0.

F32=0.

F14=0.

F24=0.

Fl2=0.

F34=0.

F43=0.

Fll=0.

E=0.
P12=DABS(1000.*R12/R(1))
P13=DABS(1000.*R13/R(1))
P23=DABS(1000.*R23/R(2))
P14=DABS(1000.*R14/R(1))
P24=DABS(1000.*R24/R(2))
P34=DABS(1000.*R34/R(3))
IF(DX.EQ.0.) DX=1.0
IF(DT.EQ.0.) DT=1.0
IMAX=(XM+DX-XI)/DX
JMAX=( TM+DT-TI) /DT

————— DYNAMIC PART OF PROGRAM -~---
DO 12 JJ=1,JMAX

IF(IMAX.GE.JJ) WRITE(6,1011)
TIME=TI+(JJ-1)*DT

DO 12 II=1,IMAX

X=XI+(II-1)*DX

VV0=0.0

IF(X.EQ.0.) GO TO 7

VVO=V*TIME/X

7 DO 10 KK=1,2

C1=0.
c2=0.
C3=0.
C4=0.
E1=1.
E2=1,
E3=1.
E4=1.

[ejeeoNoNoNoNoNe)
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T=TIME+(1-KK)*TP
IF(T.LE.O.) GO TO 10
IF(KK.EQ.1) GO TO 8
E1=EXF(-RLAM(1)*TP,E)
E2=EXF (-RLAM(2) *TP, E)
E3=EXF(-RLAM(3)*TP,E)
E4=EXF (-RLAM(Y4) *TP, E)
F110=F(1,0)*E1

----- FIRST TRACER ----
C1=B(1)*F110
IF(NS.EQ.1) GO TO 9

————— SECOND TRACER ----

F220=F(2,0)*E2

F210=F(2,-1)*E?

IF(P12.GT.1.) F12=F(1,2)*E1
C2=B(2)*F210+B(3)*F220+C21 ¥(F210-F110-F12)
IF(NS.EQ.2) GO TO 9

----- THIRD TRACER ----

F310=F(3,-1)*E1

F320=F(3,-2)*E2

F330=F(3,0)*E3

IF(P13.GT.1.) F13=F(1,3)*E1

IF(P23.GT.1.) F23=F(2,3)

F32=F23*E2

F23=F23*E1

IF(KDB.EQ.2) WRITE(6,1012) F110,F210,F220,F12,F310,F320,F330,F13,F
123,F32
C3=B(4)*F310+B(5) *F320+B(6) *F330+C31¥(F310-F210-F23) +C32%(F320~F22
10-F32)+C331*(F210-F110-F12)+C332%(F13-F310+F110)+C333%(F310-F210-F
223)

IF(NS.EQ.3) GO TO 9

----- FOURTH TRACER ----

FU10=F(4,-1)*E1

FU20=F(Y4,-2)*E2

F430=F(4,-3)*E3

FUU0=F(4,0)*EH

IF(P14.GT.1.) F1U4=F(1,4)*E1

IF(P2U.CT.1.) F2U4=F(2,4)

IF(P34.GT.1.) F34=F(3,4)

FU2=F2U*E2

Fol=F24*E1

FU43=F3U*¥E3

FUY=F3U*E2

F34=F34*E1

IF(XDB.EQ.2) WRITE(6,1013) F410,FU420,F430,F440,F14,F24,FU2,F34,Fl
1,Fiy4

C4=B(T) *F410+B(8) *F420+B(9) *¥FU30+B(10) *FULO+CU1 *(F410-F310-F3U) +Ch
12%(F420-F320-F4l) +C43*(FU30-F330-FU3) +CHU1 ¥(F410-F310-F3U ) +CUlU2*(F
2310-F210-F23) +C4U3%(FRU-F410+F210) +C451 *(FU20-F320-FUl4 ) +CU52*(F320
3-F220-F32) +CU53*(FU2-FU20+F220) +C461 ¥ (F110-F410+F14)+C462*(F410-F2
U10-F2U) +CU63*(F34-F410+F310) +CH64*(F310-F110-F13) +CU65*(F23-F310+F
5210) +C466*(F12-F210+F110) .

IF(KK.EQ.2) GO TO 10

CONC1=C1

CONC2=C2

CONC3=C3

CONCU=CH

CONTINUE

CONC1=CONC1-C1

CONC2=CONC2-C2

CONC3=CONC3-C3

CONCY4=CONCU-CY

IF(KPR.EQ.0) WRITE(6,1014) X,TIME,VVO,CONC1,CONC2,CONC3,CONCH
IF(KPR.EQ.1) WRITE(6,1015) X,TIME,VVO,CONC1,CONC2,CONC3,CONCH
CONTINUE

1000 FORMAT(615,5F10.0)

1001 FORMAT(20A4)

1002 FORMAT(8F10.0)

1003 FORMAT(1H1,10X,82( 1H*) /11X, 1H*,80X,1H*¥/11X, 1H¥,9X, "MULTI-ION SOLUT

1E TRANSPORT', 30X, 'CHAIN',10X,1H*/11X,1H*,80X,1H¥/11X,1H*,9X, 'FOUR
2SPECIES',59X, 1H¥/11X, 1H*,9X, 'PREFERENTIAL RELEASE',51X,1H*/11X,1H¥
3,80X, 1H¥*)
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Convective—dispersive transport of solutes

1004 FORMAT(11X,1H*,9X, '"FIRST-TYPE BOUNDARY CONDITION',H42X,1H¥)

1005 FORMAT(11X,1H*,9X, 'THIRD-TYPE BOUNDARY CONDITION',42X,1H¥)

1006 FORMAT(11X,1H*,80X,1H*/11X,1H*,20A4, 1H*/11X, 1H¥%, 80X, 1H*/11X,82(1H*
1))

1007 FORMAT(//11X, 'INPUT PARAMETERS'/11X,16(1H=)//11X,'NS =',15,10X,'V
1=',F12.4,10X,'D =',F12.4/11X,'NR =',15,10X, 'WC =',F11.4,10%,'TP ="'
2,F11.4/11X,'NB =',15)

1008 FORMAT(///9X, 'TRACER',7X, 'ZERO',13X, 'R',11X, 'DONE', 11X, 'GAMMA', 11X
1, 'RLAM'//(11X,12,D16.5,F14.3,3F15.8))

1009 FORMAT(///11X, 'B(I)-COEFFICIENTS'/11X,17(1H=)//11X,4(*1*,9X, 'B(I)"'
1,9%)/(10X,4(12,D15.6,6X)))

1010 FORMAT(//9X,'C21= ',D13.5,6X,'C31= ',D13.5,6X,'C32= ',D13.5/9X,
1tC331= ',D12.5,6X,'C332= ',D12.5,6X,'C333= ',D12.5/9X,'Cl1= ",
2D13.5,6X, 'C42= ',D13.5,6X,'Cl3= ',D13.5/9X,'Cll1= *,D12.5,6X,
3'Clly2= ',D12.5,6X, 'C443= ',D12.5/9%, 'Cl51= *,D12.5,6X, 'Cl52= ',
4p12.5,6X,'Cl53= ',D12.5/9X%, 'Cl61= ',Di2.5,6X, 'C462= ',D12.5,6X,
51Cu63= ',D12,.5/9X, 'C464= ',D12.5,6X, 'C465= ',D12.5,6X, 'Clb6= ',
6D12.5)

1011 FORMAT(///8X, 'DISTANCE',6X, 'TIME',7X, 'PORE VOLUME',4X,19(1H-), 'CON
1CENTRATION',19(1H-)/11X, "(X)',8X, *(T) ', 9%, *(VV0O) ', 11X, * (1) ", 11X, *(
22) ', 11X, "(3) 1, 11X, (W) ")

1012 FORMAT(//9X,'F110= ',D12.5,4x,'F210= ',D12.5,4X, 'F220= ',D12.5/9X,
1'F12= ',D13.5,4X, 'F310= ',D12.5,4X, 'F320= *,D12.5/9X,'F330= *,Di2.
25,4X,'F13= ',D13.5,4X, 'F23= ',D13.5/9X,'F32= ',D13.5)

1013 FORMAT(//9X,'F410= ',D12.5,4X, 'F420= ',D12.5,4X, 'F430= ',D12.5/9X,
1'F440= ',D12.5,4X, 'F14= *,D13.5,U4X, 'F24= ',D13.5/9X, 'Fli2= ',D13.5,
24X, 'F34= ',D13.5,4X, 'F43= ',D13.5/9X, 'F4l4= ',D13.5)

1014 FORMAT(2X,3F13.3,2X,4F14.5)

1015 FORMAT(2X,3F13.3,2X,4D14.5)

STOP
END

FUNCTION F(I,JJ)

PURPOSE: TO CALCULATE FIJK-TERMS

[eReRe]

IMPLICIT REAL*8 (A-H,0-Z)
COMMON R(Y),DONE(4),RLAM(4),D,V,X,T,KSURF

J=IABS(JJ)

IF(JJ.LT.0) A=RLAM(J)

IF(JJ.EQ.0) A=RLAM(I)

IF(JJ.GT.0) A=(DONE(I)-DONE(J))/(R(I)-R(J))
U2=V*V+4 _ *D*(DONE(I)-A*R(I))

S1=2. *DSQRT(D*R(I)*T)

U=DSQRT(DABS(U2))

VT=V¥*T

UT=U*T

E=0.0

O CASE FOR POSITIVE VALUES OF U2 ----
IF(U2.LT.0.) GO TO 28
AM=0.5%(V-U)*X/D-A¥T
BM1=(R(1)*X-UT)/S1
BP1=(R(1)*X+UT)/S1
AP=0.5%(U+V) ¥X/D-A*T
IF(KSURF.EQ.0) GO TO 20

C - CASE FOR THIRD-TYPE BOUNDARY CONDITION ----
CP1=(R(I)*X+VT)/S1
ALP=, 3275911
CM1=(R(I)*X-VT)/S1
DUV=DABS(1.-U/V)
IF((BP1.GT.4.).AND.(CP1.GT.4.)) GO TO 4
IF((BP1.LT.2.5).AND.(CP1.LT.2.5)) GO TO 2
IF(DUV.GT.0.1) GO TO 1
IF(CP1.GT.3.) GO TO 4
GO TO 2
E1=2./((U/V)*%2-1.)
G1=V¥*X/D-DONE( 1) *T/R(1)
F1=V/(U-V)*EXF (AP, BP1)-E1 *EXF(G1,CP1)
GO TO 6
2 D1=-CM1**2_DONE(I)*T/R(I)
BETA=ALP*V*DSQRT(T/(D*R(I)))
T1=1./(1.+ALP*BP1)
T2=1./(1.+ALP*CP1)

—_
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C1=T1*T2#( 1. +ALP*CM1)
C2=T1*(C1-BETA*T2%%2)
C3=T1*(C2-BETA*T2%%3)
CU=T1%(C3-BETA*T2%%})
C5=T1*(ClU-BETA*T2¥%5)
F1=V%(,25U8296%C1-,284U496T*C2+1 ., 421 41 4¥C3-1,453152%CU+1 . 061405*C5)
1*EXF(D1,E)/(V+U)

GO TO 6

B=DONE(I)*T/R(1)+CM1%¥¥%2
H=1./(BP1*(R(I)*X+VT))

WT=H*VT

HT=H*UT

B1=WT+2. *HT

B2=WT*B1+2, ¥HT**2

B3=WT*B2+2. ¥HT*%3

BU=WT*B3+2, ¥HT#*Y

BS=WT*BU+2, XHT**5

B6=WT*B5+2 . ¥HT**6

B7 =WT*B6+2, ¥HT#¥7

BB:HT*B’?*PZ . *HT**S

Z1=H*R(1)*X

Z2=71%%2

73=21%22

ZU=21%23

Z5=71%Z4

76=21%Z5

Z7=21%26

Z8=21%Z7

79=71%Z8

A1=Z1-WT

A2=Z3-WTH*(B2+3.%(B1%214Z2))
A3=Z5-WT*(BU+5, *(B3*Z1+Z4) +10, ¥(B2*Z2+B1%Z3))
AU =77 -WT*(B6+7 . ¥(B5*Z1+26)+21 . ¥(BU*Z2+B1%25) +35, ¥( B3*Z3+B2*Zl))
A5=Z9-WT*(B8+3. *( BT*Z1+Z8) +36. *( B6¥Z2+B1*¥Z7) +8U4, *( B5*Z3+B2%Z6) +126
1.%(B4*ZL4+B3*Z5))
F1=.5641896%V*EXF(-B, E) ¥(A1-.5%A2+, T5%A3-1.875%A4+6.5625*A5) / (U+V)
IF(JJ.GT.0) GO TO 8

F=V/(V+U) *EXF(AM, BM1)-F1

RETURN

S2=2., *DSQRT(D*R(J) *T)

BM2=(R(J) *X-UT)/S2

BP2=(R(J)*X+UT)/S2

CP2=(R(J) *X+VT)/S2

CM2=(R(J)*X-VT)/S2

IF((BP2.GT.4.) .AND.(CP2.GT.4.)) GO TO 14
IF((BP2.LT.2.5).AND.(CP2.LT.2.5)) GO TO 10
IF(DUV.GT.0.1) GO TO 9

IF(CP2.GT.3.) GO TO 14

GO TO 10

E2=2./((U/V)%%2-1,)

G2=V*X/D-DONE(J) *T/R(J)

AP=0.5%(V+U) ¥X/D-A*T
F2=V/(U-V) *EXF (AP, BP2) ~-E2*EXF(G2,CP2)

GO TO 18

D2=-CM2**2-DONE(J) *T/R(J)
BETA=ALP*V*DSQRT(T/(D*R(J)))
T1=1./(1.+ALP*BP2)

T2=1./(1.+ALP¥CP2)

C1=T1%T2%(1.+ALP*CM2)
C2=T1#(C1-BETA*T2#¥2)
C3=T1*(C2-BETA*T2%*3)
CU=T1*(C3-BETAXT2%*4)
C5=T1#*(CU-BETAXT2%*5)
F2=V*(.2548296%C1 -, 28U4967*C2+1 . 421414%C3-1,453152%Cli+1,061405%C5)
1*EXF(D2,E) /(V+U)

GO TO 16

B=DONE(J) *T/R(J) +CM2*¥*2
H=1./(BP2*(R(J)*X+VT))

WT=H*VT

HT=H*UT

Bl =WT+2. ¥HT

B2=WT*B1+2, XHT**2

B3=WT*B2+2, ¥HT*%3

BU=WT#*B3+2, XHT* ¥4

BS=WT*BU+2, ¥HT*¥5

B6=WT#*B5+2. ¥HT**6

B7=WT*B6+2, ¥HT**7

BS=WT*B7+2, ¥HT**8
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Z1=H*R(J) *¥X

72=21%%2

23=21%Z2

ZY=21%23

25=71%Z4

26=21%Z5

Z7=21%76

Z8=21%Z7

79=71%28

A1=Z1-WT

A2=Z3-WT*(B2+3. *(B1*Z1+22))
A3=Z5-WT*(BU+5. *(B3*Z1+Z4) +10. *(B2*Z2+B1%23) )
AU=Z7-WT*(B6+7.*(B5*Z1+26) +21 ., ¥(BUXZ2+B1%25) +35. *(B3*Z3+B2%*Z4))
AS5=Z9-WT*(BB+9., *(BT¥Z1+28) +36. *( B6¥Z2+B1*#Z7) +84, *(BS*Z3+B2%26) +126
1.%(B4*ZY+B3%Z5))
F2=.5641896*V*EXF(-B, E) *(A1-.5%A2+.75%A3-1,875%A4+6.5625%A5) / (U+V)
IF((BM1.GT.0.).0R.(BM2.GT.0.)) GO TO 18

Q=-BM2

BM2=-BM1

BM1=Q

F=V/(V+U) *(EXF (AM, BM2) -EXF ( AM, BM1) ) +F1-F2

RETURN

————— CASE FOR FIRST-TYPE BOUNDARY CONDITION ----
IF(JJ.GT.0) GO TO 22

F=0.5%(EXF(AM, BM1)+EXF(AP,BP1))

RETURN

S2=2. *DSQRT(D*R(J)*T)

BM2=(R(J) *X-UT) /S2

BP2=(R(J)*X+UT)/S2

IF((BM1.GT.0.).0R.(BM2.GT.0.)) GO TO 24

Q=-BM2

BM2=-BM1

BM1=Q
F:O.S*(EXF(AM,BMZ)—EXF(AM,BW)+ED(F(AP,BP2)—EXF(AP,BP‘I))
RETURN

————— CASE FOR NEGATIVE VALUES OF U2 ----
AM=0,5%V¥X/D-A*T

ARG=0.5%U*X/D

CS=DCOS(ARG)

SN=DSIN(ARG)

A1=R(I)*X/S1

A2=UT/S1

CALL CEXF(A1,A2,AM,X1,Y1)
IF(KSURF.EQ.0) GO TO 32
CP1=(R(I)*X+VT)/S1
CM1=V*X/D-DONE( 1) *T/R(I)
Cl=2,*V/(V¥V-U2)
C2=0.5*V*V/(D*(DONE(I)-A*R(I)))
IF(JJ.GT.0) GO TO 30
F=C1%(CS*(X1%V-Y1*U)-SN*(X1*U+Y1%V) ) +C2*EXF(CM1,CP1)
RETURN

CONTINUE

S52=2. ¥DSQRT(D*R(J) ¥T)
CM2=V*X/D-DONE(J)*T/R(J)
C3=0.5*V*V/(D*(DONE(J)-A*R(J)))
CP2=(R(J)*X+VT)/S2
A1=R(J)*X/S2

A2=UT/S2

CALL CEXF(A1,A2,AM,X2,Y2)
F=C1*¥(CS*(V*(X2-X1)-U*(Y2-Y1) ) -SN*(U*(X2-X1) +V*(Y2-Y1) ) ) +C3*EXF(CM
12,CP2)-C2*EXF(CM1,CP1)

RETURN

IF(JJ.GT.0) GO TO 34
F=CS*X1-SN¥*Y1

RETURN

S2=2. *DSQRT(D*R(J)*T)
A1=R(J)*X/S2

A2=UT/S2

CALL CEXF(A1,A2,AM,X2,Y2)
F=CS*(X2-X1)-SN*¥(Y2-Y1)

RETURN

END

FUNCTION EXF(A,B)
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PURPOSE: TO CALCULATE EXP(A) ERFC(B)

IMPLICIT REAL¥8 (A-H,0-Z)

EXF=0.0

IF((DABS(A).GT.170.) .AND.(B.LE.O.)) RETURN

IF(B.NE.0.0) GO TO 1

EXF=DEXP(A)

RETURN

C=A-B*B

IF((DABS(C).GT.170.).AND.(B.GT.0.)) RETURN

IF(C.LT.-170.) GO TO 4

X=DABS(B)

IF(X.GT.2.5) GO TO 2

T=1./(1.+.3275911%X)

Y=T¥*( .2548296-T*( . 2844967 -T*(1.421414-T*(1,453152-1.061405%T))))
GO TO 3
Y=.5641896/(X+.5/(X+1./(X+1.5/(X+2./(X+2.5/(X+3./(X+1.)))))))
EXF=Y*DEXP(C)

IF(B.LT.0.0) EXF=2.*DEXP(A)-EXF

RETURN

END

SUBROUTINE CEXF(A,B,Z,U,V)
COMPLEX ERFC-FUNCTION: U+IV=EXP(Z)ERFC(A+IB)

IMPLICIT REAL*8 (A-H,0-Z)

DIMENSION W(10),H(10)

DATA W/.4622437,.2866755,.1090172,.02481052, .3243773D-2,
1.2283386D-3, .7802556D-5, .1086069D-6, . 4399341D-9, .2229394D-12/,
2H/.2453407, . T3T4T37,1.234076,1.738538,2.254974,
32.788806,3.347855,3.944764,4.603682,5.387481/

M o< g
wouowonon

.0

XYZ=Y*Y+Z-X*X

IF(DABS(XYZ).GT.170.)RETURN

COS=DCOS(2. *X*Y)

SIN=DSIN(2.*X*Y)

IF((X+Y).LT.6.) GO TO 2

T=0.0

DO 1 K=1,10

T=T+W(K) *((X/( (Y-H(K) ) ¥%2+X*X) ) +(X/ ( (Y+H(K) ) #%2+X¥X) ) )
V=V+W(K) *((Y-H(K) )/ ({Y-H(K) ) ¥*¥2+X*X) +(Y+H(K) ) / ((Y+H(K) ) ¥*2+X*X) )
U=.3183099*DEXP(XYZ) *( T*COS-V*SIN)
V=.3183099*DEXP(XYZ) *( -T*SIN-V¥COS)
IF(X.EQ.0.)U=DEXP(DMIN1(Z,1.7D2))

GO TO 8

IF(X.GT.2.5) GO TO 3

T=1./(1.+.3275911%X)
U=T*(.25U8296-T*( . 2844967 -T*(1,U421414-T*(1,453152-1.06145%T))))
GO TO i

U=.5641896/ (X+.5/(X+1./(X+1.5/(X+2./ (X+2.5/(X+3./(X+1.)))I1)))
IF(Y.EQ.0.) GO TO 7

IF(X.EQ.0.) V=-.3183099*%Y

IF(X.EQ.0.) GO TO 5

U=U-.1591549%(1.D0-C0S) /X

V=V-.1591549%SIN/X

NT=12.42.%Y

DO 6 I=1,NT

P=1

ARG=P*Y

F1=X*(DEXP(ARG) +DEXP(-ARG) )

F2=0.5%P*(DEXP( ARG)-DEXP(-ARG))
EX=.6366198%DEXP(-0.25*P*P)/ (4, ¥X*X+P*P)
U=U-EX*(2. ¥X-F1 *COS+F2*SIN)

V=V-EX*(F1*SIN+F2*CO0S)

V=V*DEXP(Z-X¥X)

UsU*DEXP(Z-X*X)

IF(B.LT.0.) V=-V

IF(A.LT.0.) U=2.*EXF(Z,E)-U

RETURN

END



Variable
A(10)
B(10)
cl,...,C4
CONCl1,...,CONC4
D

DONE(4)
DT

DX

Fl12

FIJ

F110
FIJK
GAMMA(4)
KDB

KPR

KSURF

NB

NC
NR

NS

R(4)
RLAM(4)
T

T1
TIME
TITLE(20)
™

33

v

vvo

we
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APPENDIX 3

Definition of the most significant variables

Definition

Vector containing the values of the coefficients A) - Arg-
Vector containing the values of the coefficients By - Byge
Dummy variables for the concentration of the four species.
Calculated concentrations of the four chain members.
Dispersion coefficient,

Values of g for the four chain members.

t-increment for printout.

x~increment for printout.

Value of the term S),; wore general:

Value of the term sij'

Value of the term FllO; more general:

Value of the term Fijk'

Values of Yy for the four chaim members.

Debugging code. If KDB > 0, various coefficients will be
printed during execution. In addition, values of all
terms Fijk and Sij will be printed during execution when
KDB = 2,

Format code for printout. If KPR = 0, concentrations are
printed in regular Fl14.5 format; 1f KPR = 1, concentra-
tions are printed in the exponential Dl14.5 format,

Code specifying the input boundary condition. If KSURF =
0, the solution for a first-type boundary condition will
be given; if KSURF # 0, the solution for a third-type
boundary conditions is given.

Boundary code that specifies if the Bateman equations must
be used for the input boundary conditions, If NB = 1, the
parameters A; and Bi are calculated in the program. If NB
= 0, the Bateman equations are not used; values of the
parameters By are then read in.

Number of examples to be executed.

Code specifying the form of the decay terms. If NR = O,
the retardation factors Ry are dropped from the decay
terms in the traansport equations; if NR = 1, the decay
terms are not altered.

Number of chain members considered (NS < 4).

Volumetric flux density.

Values of R; for the four chain members.

Values of Ai for the four chain members.

Dummy variable for time.

Smallest t-value for which concentrations are calculated.
Time, t.

Title (input label).

Maximum value of t for which concentrations are calculated.
Pulse time, toe

Average pore-water velocity, v.

Local value of the amount of pore volumes (VVO = vt/x).

Volumetric water content, 6 (dummy variable if NB = 0).
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X Distance, x.
X1 Smallest value of x for which concentrations are calculated.
M Maximum value of x for which concentrations are calculated.
ZERO(4) Values of H‘i’ for the four chain members; not needed if NB=O,

Input data instructions

Line Variables
1 NC

2 TITLE

3 NS,NR,NB,KSURF,
KDB KPR ,V,D,WC,
TP

4 (ZERO(I)
(GAMMA(I), I=1,4)

5 XI,DX, XM
TI,DT,TM

6,7 (B(I),I=1,10)

APPENDIX 4

Format Comments

15 Number of problems to be considered.
The remailning lines are read in for
each case (hence, they are repeated NC
times).

20(A4) Title.

615,4F10,0 Value for WC is not needed if NB = O,

8F10.0 Use dummy values for ZERO(I) = M{ if
NB = 0.

8F10.0 These parameters define the x and t-
values for which concentrations are
calculated.

8F10.0 These two lines are needed only if

NB = 0.

Input data for the two examples considered in this study

2
EXAMPLE 1: NITRIFICATION (CHO,1971)
3 0 0 1 0 0 1.0 0.18 1.00 200.0
2.00 1.00 1.00 5.0 0.01 0.10 0.0 0.95
1.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 5.0 200.0 200.0 0.0 200.0
1.0 0.0 0.0 0.0 0.0 0.0 0.0 0.0
0.0 0.0
EXAMPLE 2: RADIONUCLIDE TRANSPORT
4 1 1 1 0 1 100.00 10.0 0.4 10000.
10000.0  14000.0  50000.0 500.0 .0079 0.,0000028 0.0000087  0.00043
50000. 0.0 .0 0.0 .001 .001 .001 .001
0.0 5.0 250.0 1000.0 9000.0  10000.0

Output file for the data of Appendix 5

APPENDIX §

APPENDIX 6

0.0
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FOUR SPECIES

*
*
*
*
*
*
*
*
*
*
*

EXAMPLE 1: NITRIFICATION

MULTI-ION SOLUTE TRANSPORT

PREFERENTIAL RELEASE

CHAIN

THIRD-TYPE BOUNDARY CONDITION

(CHO,1971)
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INPUT PARAMETERS

=
=3
uouow

TRACER

3

B(I)-COEFFICIENTS

DISTANCE
x)

0.000
5.000
10.000
15.000
20.000
25.000
30.000
35.000
40.000
45.000
50.000
55.000
60.000
65.000
70.000
75.000
80.000
85.000
90.000
95.000
100.000
105.000
110.000
115.000
120.000
125.000
130.000
135.000
140.000
145.000
150.000
155.000
160.000
165.000
170.000
175.000
180.000
185.000
190.000
195.000
200.000

ZERO

0.00000D+00
0.00000D+00
0.00000D+00

B(I)
0.100000D+01
0.000000D+00
0.000000D+00

TIME

(T
200.
200.
200,
200,
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200,
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.
200.

000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000
000

Convective—dispersive transport of solutes

V= 1.0000 D= 0.1800
WC = 1.0000 TP =  200.0000
R DONE GAMMA RLAM
2.000 0.01000000 0.00000000 0.00000000
1.000 0.10000000 0.00000000 0.00000000
1.000 0.00000000 0.00000000 0.00000000
I B(I) I B(I) I B(I)
2  0.000000D+00 3 0.000000D+00 4 0.000000D+00
6  0.000000D+00 7 0.000000D+00 8 0.000000D+00
10 0.000000D+00
PORE VOLUME CONCENTRATION
(wvo) (1) (2) (3) ()
0.000 0.99821 0.00173 0.00006 0.00000
40.000 0.94961 0.0387 0.01168 0.00000
20.000 0.90338 0.05951 0.03712 0.00000
13.333 0.85940 0.07048 0.07012 0.00000
10.000 0.81756 0.07554 0.10690 0.00000
8.000 0.77775 0.07706 0.14519 0.00000
6.667 0.73989 0.07648 0.18363 0.00000
5.714 0.70387 0.07470 0.22143 0.00000
5.000 0.66960 0.07226 0.25815 0.00000
4, uyy 0.63700 0.06947 0.29354 0.00000
4,000 0.60599 0.06653 0.32748 0.00000
3.636 0.57648 0.06356 0.35995 0.00000
3.333 0.5u4842 0.06063 0.39095 0.00000
3.077 0.52172 0.05778 0.42050 0.00000
2.857 0.49632 0.05503 0.44865 0.00000
2.667 0.47215 0.05239 0.47545 0.00000
2.500 0.44901 0.04986 0.50097 0.00000
2.353 0.42508 0.04738 0.52522 0.00000
2.222 0.38943 0.04453 0.54804 0.00000
2.105 0.31490 0.03979 0.56824 0.00000
2.000 0.19272 0.03122 0.58260 0.00000
1.905 0.07679 0.01995 0.58714 0.00000
1.818 0.01794 0.01024 0.58083 0.00000
1.739 0.00231 0.00449 0.56635 0.00000
1.667 0.00016 0.00183 0.54705 0.00000
1.600 0.00001 0.00073 0.52498 0.00000
1.538 0.00000 0.00029 0.50106 0.00000
1.481 0.00000 0.00012 0.47562 0.00000
1.429 0.00000 0.00005 0.44876 0.00000
1.379 0.00000 0.00002 0.42047 0.00000
1.333 0.00000 0.00001 0.39072 0.00000
1.290 0.00000 0.00000 0.35943 0.00000
1.250 0.00000 0.00000 0.32652 0.00000
1.212 0.00000 0.00000 0.29193 0.00000
1.176 0.00000 0.00000 0.25557 0.00000
1.143 0.00000 0.00000 0.21736 0.00000
1.111 0.00000 0.00000 0.177T¥1 0.00000
1.081 0.00000 0.00000 0.13628 0.00000
1.053 0.00000 0.00000 0.09581 0.00000
1.026 0.00000 0.00000 0.05947 0.00000
1.000 0.00000 0.00000 0.03134 0.00000
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3636363636 36 36 96 36 3 36 36 3 36 36 36 3 36 36 36 3 36 36 3 36 36 36 3 3 36 36 36 3 3 36 36 36 96 36 36 3 36 36 I 36 3 3 36 36 3 3 36 3 36 3 3 I I A 3 6 I I K6 I3 3K 3 369K K36 3 32 22 %

36636 3636 36 3636 3636 36 36 36 96 36 96 636 36 36 96 26 36 36 36 96 36 J6 36 36 3636 36 36 36 96 36 36 36 36 3 36 96 6 36 96 36 36 36 36 96 36 J6 36 36 3 36 96 36 36 36 36 36 36 36 34 36 36 36 36 36 36 36 36 36 06 36 3

*
* MULTI-ION SOLUTE TRANSPORT
*
* FOUR SPECIES
* PREFERENTIAL RELEASE
*
* THIRD-TYPE BOUNDARY CONDITION
*
* EXAMPLE 2: RADIONUCLIDE TRANSPORT
*
INPUT PARAMETERS
NS = Yy V= 100.0000 =
NR = 1 WC = 0.4000
NB = 1
TRACER ZERO R DONE
1 0.50000D+05 10000.000 0.00790000
2 0.00000D+00 14000.000 0.00000280
3 0.00000D+00 50000.000 0.00000870
y 0.00000D+00 500.000 0.00043000
B(I)-COEFFICIENTS
I B(I) 1 B(I) 1
1 0.125000D+01 2 -0.125044D+01 3
5  0.593431D+00 6 -0.593874D+00 7
9 -0.122637D-01 10 0.178925D-03
DISTANCE TIME PORE VOLUME
(x) (T) (Wo) M
0.000 1000.000 0.000 0.17223D-03
5.000 1000.000 20000.000 0.28532D-03
10.000 1000.000 10000.,000 0.20949D-03
15.000 1000.000 6666.667 0.87774D-07
20.000 1000.000 5000.000 0.31171D-15
25.000 1000.000 4000.000 0.52002D-29
30.000 1000.000 3333.333 0.36043D-48
35.000 1000.000 2857.143 0.99318D-73
40,000 1000.000 2500.000 0.00000D+00
45,000 1000.000 2222.222 0.00000D+00
50.000 1000.000 2000.000 0.00000D+00
55.000 1000.000 1818.182 0.00000D+00
60.000 1000.000 1666.667 0.00000D+00
65.000 1000.000 1538, 462 0.00000D+00
70.000 1000.000 1428.571 0.00000D+00
75.000 1000.000 1333.333 0.00000D+00
80.000 1000.000 1250,000 0.00000D+00
85.000 1000.000 1176.471 0.00000D+00
90.000 1000.000 1111111 0.00000D+00
95.000 1000.000 1052.632 0.00000D+00
100.000 1000.000 1000,000 0.00000D+00
105.000 1000.000 952,381 0.00000D+00
110.000 1000.000 909.091 0.00000D+00
115.000 1000,000 869.565 0.00000D+00
120.000 1000,000 833.333 0.00000D+00
125.000 1000.000 800.000 0.00000D+00
130.000 1000.000 769.231 0.00000D+00
135.000 1000.000 T4O.TH 0.00000D+00
140.000 1000.000 714,286 0.00000D+00
145,000 1000.000 689.655 0.00000D+00
150.000 1000.000 666.667 0.00000D+00
155.000 1000.000 645,161 0.00000D+00
160.000 1000.000 625.000 0.00000D+00
165.000 1000,000 606.061 0.00000D+00
170.000 1000,000 588.235 0.00000D+00

[oNoNoNeNoNoNeRoNoRoNeNooNoojololojooeoolooojoRolo oo oleRo o o]

10.0000

D
TP = 10000.0000

GAMMA

0.00100000
0.00100000
0.00100000
0.00100000

B(I)
0.125044D+01
-0.516T40D-06

CHAIN

RLAM

0.00890000
0.00100280
0.00100870
0.00143000

I

*
*
*
*
*
*
*
*
*
*

B(I)

4 0.443684D-03
8 0.120853D-01

CONCENTRATION
(2) (3) (4)
.46515D+00  0.11223D-02  0.43196D-05
.86173D+00  0.32843D-03 0, 18007D-04
.23503D0-01  0.15595D-05  0.19105D-04
.13240D-06  0.38435D-11  0.18089D-04
.11647D-15  0.15561D-20  0.17095D-04
.95033D-30  0.72587D-35  0.16128D-04
.40354D-49  0.20127D-54  0.15188D-04
.76193D-T4  0.00000D+00  0.14274D-0k
.00000D+00  0.00000D+00  0.13386D-04
.00000D+00  0.00000D+00  0.12525D-04
.00000D+00  0.00000D+00  0.11690D-04
.00000D+00  0.00000D+00  0.10883D-04
.00000D+00  0.00000D+00  0.10102D-04
.00000D+00  0.00000D+00  0.93U87D-05
.00000D+00  0.00000D+00  0.86226D-05
.00000D+00  0,00000D+00  0.792U2D-05
.00000D+00  0.00000D+00  0.72536D-05
.00000D+00  0.00000D+00  0.66110D-05
.00000D+00  0.00000D+00  0.59969D-05
.00000D+00  0.00000D+00  0.54114D-05
.00000D+00  0.00000D+00  0.u48548D-05
.00000D+00  0.00000D+00  0.43276D-05
.00000D+00  0.00000D+00  0.38300D-05
.00000D+00  0.00000D+00  0.33624D-05
.00000D+00  0.00000D+00  0.29251D-05
.00000D+00  0.00000D+00  0.25185D-05
.00000D+00  0.00000D+00  0.21429D-05
.00000D+00  0.00000D+00  0.17985D-05
.00000D+00  0.00000D+00  0.14857D-05
.00000D+00  0.00000D+00  0.12045D-05
.00000D+00  0.00000D+00  0.95504D-06
.00000D+00  0.00000D+00  0.73722D-06
.00000D+00  0.00000D+00  0.55073D-06
.00000D+00  0,00000D+00  0.39497D-06
.00000D+00  0.00000D+00  0,26898D-06
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175.000 1000.000 571.429 0.00000D+00  0.00000D+00  0.00000D+00  0.17130D-06
180.000 1000.000 555.556 0.00000D+00  0.00000D+00  0.00000D+00  0.99831D-07
185.000 1000.000 540.541 0.00000D+00  0.00000D+00  0.00000D+00  0.51629D-07
190.000 1000.000 526.316 0.00000D+00  0.00000D+00  0.00000D+00  0.22713D-07
195.000 1000.000 512.821 0.00000D+00  0.00000D+00  0.00000D+00  0.80500D-08
200.000 1000.000 500.000 0.00000D+00  0.00000D+00  0.00000D+00  0.21611D-08
205.000 1000.000 487.805 0.00000D+00  0.00000D+00  0.00000D+00  0.41075D-09
210.000 1000.000 476.190 0.00000D+00  0.00000D+00  0.00000D+00  0.52264D-10
215.000 1000.000 465.116 0.00000D+00  0.00000D+00  0.00000D+00  0.42319D-11
220.000 1000.000 4sh 545 0.00000D+00  0.00000D+00  0.00000D+00  0.21017D-12
225.000 1000.000 Lk yuy 0.00000D+00  0.00000D+00  0,00000D+00  0.62278D-14
230.000 1000.000 434,783 0.00000D+00  0.00000D+00  0.00000D+00  0.10719D-15
235.000 1000.000 425.532 0.00000D+00  0.00000D+00  0.00000D+00  0.10562D-17
240.000 1000.000 416.667 0.00000D+00  0.00000D+0C  0,00000D+00  0.588u48D-20
245,000 1000.000 408.163 0.00000D+00  0.00000D+00  0,00000D+00  0.18361D-22
250.000 1000.000 400,000 0.00000D+00  0.00000D+00  0,00000D+00  0.31844D-25
DISTANCE TIME PORE VOLUME -- CONCENTRATION
x) (T (wWo) (M (2) (3) ()
0.000 10000.000 0.000 0.28126D-38  0.55998D-04  0.15580D-05  0.23970D-07
5.000 10000.000  200000.000 0.46609D-38  0.11391D-03  0.16208D-04  0.16912D-06
10.000 10000.000  100000.000 0.77239D-38  0.23171D-03  0.14107D-03  0.15111D-05
15.000 10000.000 66666.667 0.12800D-37  0.47133D-03 0.79188D-03  0.10577D-O4
20.000 10000.000 50000.000 0.21211D-37  0.95877D-03  0.12984p-02  0.35898D-04
25.000 10000.000 40000.000 0.35150D-37  0.19503D-02 0.12595D-02 0.63125D-04
30.000 10000.000 33333.333 0.58249D-37  0.39672D-02 0.12686D-02  0.90103D-04
35.000 10000.000 28571.429 0.96528D-37  0.80700D-02  0.12715D-02  0.,11690D-03
40.000 10000.000 25000.000 0.15996D-36  0.16416D-01  0.12697D-02  0.14343D-03
45,000 10000.000 22222.222 0.26508D-36  0.33392D-01  0.12585D-02  0.16954D-03
50.000 10000.000 20000.000 0.43928D-36  0.67925D-01  0.12280D-02  0.19491D-03
55.000 10000.000 18181.818 0.72796D-36  0.13815D+00  0.11584D-02  0.21892D-03
60.000 10000.000 16666.667 0.12063D-35 0.27885D+00 0.10095D-02  0.24029D-03
65.000 10000.000 15384.615 0.19991D-35  0.49784D+00  0.71635D-03  0.25653D-03
70.000 10000.000 14285.714 0.33128D-35  0.50542D+00  0.30805D-03  0.26436D-03
75.000 10000.000 13333.333 0.54898D-35 0.16927D+00  0.53143D-04  0.26424D-03
80.000 10000.000 12500.000 0.90973D-35 0.13664D-01  0.26364D-05 0.26109D-03
85.000 10000.000 11764,706 0.15048D-34  0.23341D-03  0.31209D-07 0.25760D-03
90.000 10000.000 1MmMm.an 0.24057D-34  0.80838p-06 0.81080D-10  0.25414D-03
95.000 10000.000 10526.316 0.30950D-34  0.57275D-09  0.45632D-13  0.25073D-03
100.000 10000.000 10000.000 0.22346D-34  0.89203D-13  0.59308D-17  0.2u4T736D-03
105.000 10000.000 9523.810 0.66130D-35 0.37366D-17  0.21940D-21  0.24404D-03
110.000 10000.000 9090.909 0.67537D-36  0.65890D-22  0.36646D-26  0.24075D-03
115.000 10000.000 8695.652 0.21927D-37  0.86333D-27 0.47609D-31  0.23751D-03
120.000 10000.000 8333.333 0.21735D-39  0.10942D-31  0.60324D-36  0.23432D-03
125.000 10000.000 8000.000 0.64370D-42  0.13856D-36  0.76390D-41  0.23116D-03
130.000 10000.000 7692.308 0.56249D-45  0.17537D-41  0.96611D-46  0.22804D-03
135.000 10000.000 T4OT . 407 0.14390D-48  0.21856D-46 0.11916D-50  0.22497D-03
140.000 10000.000 7142.857 0.10722D-52  0.23819D-51  0.12357D-55 0.22193D-03
145.000 10000.000 6896.552 0.23189D-57  0.16519D-56  0.7T441D-61  0.21893D-03
150.000 10000.000 6666.667 0.14520D-62  0.51493p-62  0.21249p-66  0.21598D-03
155.000 10000.000 6451.613 0.26271D-68  0.58278D-68 0.21085D-72  0.21306D-03
160,000 10000.000 6250.000 0.13717D-74  0.21571D-7T4  0.00000D+00  0.21018D-03
165.000 10000.000 6060.606 0.00000D+00  0,00000D+00  0.00000D+00  0.20733D-03
170.000 10000.000 5882.353 0.00000D+00  0.00000D+00  0.00000D+00  0,20453D-03
*175.000 10000.000 5714.286 0.00000D+00  0.00000D+00  0.00000D+00  0.20176D-03
180.000 10000.000 5555.556 0.00000D+00  0.00000D+00  0.00000D+00  0.19902D-03
185.000 10000.000 5405.405 0.00000D+00  0.00000D+00  0.00000D+00  0.19632D-03
190.000 10000.000 5263.158 0.00000D+00  0.00000D+00  0.00000D+00  0.19366D-03
195.000 10000.000 5128.205 0.00000D+00  0.00000D+00  0.00000D+00  0.19103D-03
200.000 10000.000 5000.000 0.00000D+00  0,00000D+00  0.00000D+00  O,18843D-03
205.000 10000.000 4878.049 0.00000D+00  0.00000D+00  0.00000D+00C  0.18587D-03
210.000 10000.000 4761.905 0.00000D+00  0.00000D+00  0.00000D+00  0.18334D-03
215.000 10000.000 4651.163 0.00000D+00  0.00000D+00  0.00000D+00  0.18085D-03
220.000 10000.000 4545455 0.00000D+00  0,00000D+00  0.00000D+00  0.17839D-03
225.000 10000.000 uyuy, yuy 0.00000D+00  0.00000D+0C  0.00000D+00  0.17596D-03
230.000 10000.000 4347.826 0.00000D+00  0.00000D+00  0.00000D+00  0.17356D-03
235,000 10000.000 4255.319 0.00000D+00  0.00000D+00  0.00000D+00  0.17119D-03
240.000 10000.000 4166.667 0.00000D+00  0,00000D+00  0.00000D+00  0.16885D-03
245,000 10000.000 4081.633 0.00000D+00  0.00000D+00  0.00000D+00  0.16655D-03
250,000 10000.000 4000.000 0.00000D+00  0.00000D+00  0.00000D+00  0.16427D-03

S 1



